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Abstract - This paper represents an analytical approach 
for solving forward kinematics problem of a serial robot 
manipulator with six degrees of freedom and a specific 
combination of joints and links to formulate the position of 
the gripper by a given set of joint angles. In addition, a 
direct geometrical solution for the robot’s inverse 
kinematics problem will be defined in order to calculate the 
robot’s joint angles to pose the gripper in a given 
coordinate. Furthermore, the accuracy of the two solutions 
will be shown by comparing the results in a developed 
simulation program which uses the Unified System for 
Automation and Robot Simulation (USARSim). 
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1 Introduction 
 
Automation and hazard reduction in the workplace are 

two important factors of driving the use of robotics, 
specially articulated arm robots, in order for decreasing 
human deaths and injuries, economically affordable 
production plus saving time. Therefore, high precision 
control is the basic and primary step of using these robots. 

In brief, six degrees of freedom, three of which are used 
for posing the gripper at a specific position and the other 
three for orientation adjustment, is an essential dexterity 
characteristic of a space robot manipulator. Hence, the focus 
of this paper is on controlling a six degree-of-freedom arm 
robot with a particular series of links and joints. 

[3] represents the kinematics of nine common industrial 
robots including forward kinematics, inverse kinematics 
plus Jacobian matrix which is used in higher level arm 
robots calculations. In [4], general equations for a human-
arm-like robot manipulators have been presented and [5] 
introduces kinematics solutions for robot manipulators 
based on their structures. A novel recurrent neural network 
controller with learning ability to maintain multiple 
solutions of the inverse kinematics is introduced in [8]. [9] 
proposes a nonlinear programming technique for solving the 
inverse kinematics problem of highly articulated arm robots 
in which finding the joint angles is hard for a desired joint 
configuration (inverse kinematics). In [10] a new combined 
method is proposed to solve inverse kinematics problem of 
six-joint Stanford robotic manipulator by using genetic 
algorithms and neural networks in order to obtain more 
precise solutions and to minimize the error at the end 
effector final position. A novel heuristic method, called 

Forward And Backward Reaching Inverse Kinematics 
(FABRIK), is described and compared with some of the 
most popular existing methods regarding reliability, 
computational cost and conversion criteria in [11]. [12] 
represents a hybrid combination of neural networks and 
fuzzy logic intelligent technique to solve the inverse 
kinematics problem of a three degree of freedom robotic 
manipulator. In [13], an algorithm in which the independent 
components of link lengths are used as a medium to analyze 
the forward kinematics of a six-degree-of-freedom Stewart 
platform can be found and an extension to closed –loop 
inverse kinematics (CLIK) algorithm is introduced in [14] to 
meet some applications that require the joint acceleration. 

A fundamental phase for controlling a robot manipulator 
is solving the robot’s kinematics problems. Kinematics is 
the science of motion that treats the subject without regard 
to the forces that cause it [1]. Kinematics has two aspects: 
(1) Forward Kinematics and (2) Inverse Kinematics. The 
former is getting the position and orientation of the end 
effector of the robot by having the joint angles. The latter is 
setting joint angles to place the end effector of the robot in a 
given position and orientation. 

Forward kinematics problem of a serial manipulator has 
a straight forward solution which formulates the position 
and orientation of the robot’s end effector by a series of joint 
angles. On the other hand, having more degrees of freedom 
on a serial manipulator elaborates solving the inverse 
kinematics problem of the robot. There are two approaches 
to solve the inverse kinematics problem: (1) numerical 
method and (2) geometrical approach. 

The purpose of this paper is to present an analytical 
method and a geometrical approach for solving forward and 
inverse kinematics problem of a particular six degree-of-
freedom serial manipulator, accordingly. The target robot is 
a KUKA KR60 which is an industrial manipulator 
production of KUKA Corporation. 

The rest of this paper is organized as follows: in section 
II, robot parameters and specifications are described, section 
III and IV represent forward and inverse kinematics 
solutions, accordingly. Experimental results and precision 
assessment are provided in section V, and section VI 
concludes the paper.  

  
2 Robot Specification 

 
To describe a robot manipulator specifically, joint types 

and the relation between links, which is the exposure mode 
of two operational axes of two consecutive joints (parallel or 
perpendicular), have to be explained. 
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KUKA KR60 is an industrial robot designed by seven 
links which are connected to each other by six revolute 
joints. All the joints of this robot are the same and there is 
no prismatic, cylindrical, planar or any other type of joint in 
the structure of the robot. 

The functional state of each joint related to its successive 
joint in the design of this robot is as follows:   

 
 (1) 

 
in which  indicates a revolute joint and the indices 

describe the position of the joint relative to the base of the 
robot. 

Figure 1 displays a symbolic structure of a KUKA KR60 
and the attached frames to the joints in addition to the 
effective axis of the joints which is always along the axis 
and also length of the links. 

A robot manipulator’s crucial aspect is its Denavit-
Hertenberg parameters or D-H parameter table. It specifies 
all the characteristics of a robot manipulator including link 
lengths and relative orientation of the joints. Table 1 shows 
the D-H parameters of a KUKA KR60. 

 
3 Forward Kinematics 

 
Forward kinematics problem is finding the position and 

orientation of the end effector of the robot by a given set of 
joint angles and also having D-H parameters of the robot. 
This section explains an analytical method for solving the 
forward kinematics problem of a KUKA KR60.  

A robot manipulator’s forward kinematics problem is 
solved by attaching a single frame to each joint along with 
the robot’s base. Each frame describes the position and 
orientation of each joint of the robot relative to the base or 
any other global coordinate. Attaching these frames to the 
joints reduces the calculation of the robot’s end effector’s 
position and orientation to a coordinate translation problem 
which is solved by transformation matrices.  

Therefore, every joint has a position and orientation 
relative to its previous joint. These relations are described 
by transformation matrices. A general formulation for 
calculation of these matrices is as follows: 

 
 (2) 

 
in which  is a rotation matrix about the axis 

by ,  is translation matrix along the  axis by 
,  is a rotation matrix about the axis by , 

 is translation matrix along the  axis by  and , , 
 and  are D-H parameters of the robot. So we have: 

 

 (3) 

  

 (4) 

  

 (5) 

  

 (6) 

  
 
and is, 
 

TABLE 1 
D-H parameters of a KUKA KR60 
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Figure 1. Symbolic structure of a KUKA KR60, link length, the attached 
frames to the joints and the operational axis which is along the Z axis 
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 (7) 

  
Hence, the following matrix multiplication computes the 

final transformation matrix that gives the position and 
orientation of the robot’s end effector relative to its base. 

 
 (8) 

  
Let, 
 

 (9) 

  
The position and the orientation of the end effector in 

roll-pitch-yaw representation are as follows: 
 

 (10) 

  

 (11) 

  

 (12) 

  

 (13) 

  
4 Inverse Kinematics 

 
Inverse kinematics problem of a robot manipulator is 

finding the joint angles of the robot by having the position 
and orientation of the end effector of the robot. Inverse 
kinematics problem of a serial manipulator is more 
important than the forward kinematics, as it is essential to 
move the gripper of the robot to a required position with a 
defined orientation in order to, for instance, grab an object 
in that position and orientation.  

There are two approaches to solve the inverse kinematics 
problem of a robot manipulator; mathematical or algebraic 
and geometrical. The higher degrees of freedom requires the 
more complicated algebraic solution. Therefore, this section 
has been devoted to present a geometrical solution for the 
inverse kinematics problem of a KUKA KR60. 

 
 
 

 
In a geometrical method, vectors describe the robot’s 

state to solve the problem which is the calculation of the 
joint angles of the robot. This section is divided into five 
subsections to illustrate the joint angles’ computing method. 

 
A. Joint 1 

The first joint angle’s calculation, as shown in Figure 2, 
is accomplished by the projection of a vector which 
originates from the origin of frame  and ends to the origin 
of frame  ( ) on the plane of frame .  

Let  be the target transformation matrix relative to the 
base which defines the target position and orientation. 

 

 (14) 

  
 then we have,  
 

 

 

 

(15) 

  
so, 
 

 (16) 

  
 
 

 

 

 

 

 

 

 

 

Figure 2. Geometrical representation of first joint angle calculation 
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B. Joint 3 

Based on Figure 3’s illustration, to calculate , first 
 needs to be calculated. In order to compute ,  

should be available, beforehand. By having  and ,  
can be calculated and then by using a simple geometric rule, 
which helps to compute the angle of between two edges of a 
triangle,  will be quantified.  

Let  and, 
 

 

 

(17) 

  
thus, 
 

 (18) 

  
 

 

 

(19) 

  

(20) 
  

So,  
 

 (21) 

  
C. Joint 2 

 is computed by ,  and , as Figure 4 displays. 
 

 (22) 
  

 

 

 

(23) 

  

 (24) 

  
Thus, 
 

 (25) 
  

 

  

 

 

(26) 

  
and then, 
 

 (27) 

  
D. Joint 5 

In order to calculate ,  is computed by assuming  
is equal to . Then by using the definition of dot product of 
two normal vectors which are shown in Figure 5,  is 
obtained.  

 

 

 

 

 

 

 

Figure 3. Visual representation of joint 3  angle calculation 
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(28) 

  
So we have, 
 

 (29) 
  
E. Joint 4 and 6 

To obtain  and , rotation matrix is used. On the 
one hand,  is: 

 
 (30) 

  
and on the other hand, 
 

 (31) 
  
in which,  
 

 
(32) 

  

 (33) 

  
thus,  
 

 (34) 

  
in which  is corresponding to ,  is  

and so forth. 
For the sake of simplicity, let: 
 

 (35) 

  
So, we have, 
 

(36) 
  

 (37) 

 
5 Experimental Results 

 
In order for testing the forward and inverse kinematics 

solutions, a simulation program has been developed under 
the Unified System for Automation and Robot Simulation 
(USARSim).  

A feedback testing approach by the following steps has 
been selected to estimate the accuracy of the proposed 
forward and inverse kinematics solutions: 

(1) Moving the end effector of the robot to a specific 
location and orientation. 

(2) Calculating the joint angles by the inverse 
kinematics solution. 

(3) Changing the joint angles to the calculated values. 
(4) Getting the gripper position and orientation by using 

the forward kinematics solution. 
(5) Finally, computing the Euclidean distance between 

the initial position/orientation and the final 
position/orientation to get the error of the two 
solutions. 

(6) Running the above steps 50 times with random 
generated initial position and orientation. 

Figure 6 shows the calculated errors during 50 runs of 
the program. As it can be seen, the accuracy of these 
solutions is reasonably fair. The 50 runs only manifest three 
drastic errors in the position and orientation calculation 
method. 

 

 

 
 

 

 

 

Figure 4. Joint 2 angle calculation vector representation 

 

 

 

Figure 5. Joint 5 angle calculation geometrical 
visualization 
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6 Conclusion 
 
To conclude, this paper proposed a mathematical 

method and a geometrical approach for solving the forward 
and the inverse kinematics problems of an industrial arm 
robot, KUKA KR60. The experimental result obtained by 
feedback testing showed these solutions are less erroneous 
and more accurate. In the simulated programming 
application which with this method has been tested, all the 
steps have been implemented and therefore the result is 
based on the accuracy of the models in the simulation 
environment. Even the results are based upon simulation; 
one can conclude that the measurement has enough accuracy 
for practical usage. 
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Figure 6. Position and orientation calculation error in 50 random 
runs in a simulated area using feedback loop testing 
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